To make research of chaos more friendly with discrete equations, we introduce the concept of an unpredictable sequence as a specific unpredictable function on the set of integers. It is convenient to be verified as a solution of a discrete equation. This is rigorously proved in this paper for quasilinear systems, and we demonstrate the result numerically for linear systems in the critical case with respect to the stability of the origin. The completed research contributes to the theory of chaos as well as to the theory of discrete equations, considering unpredictable solutions.
Introduction
In the instrumental sense, discreteness has been the main object in chaos investigation. To check this, it is sufficient to recall definitions of chaos [1] - [3] . They are based on sequences and maps. One can say that stroboscopic observation of a motion was the single way to indicate the irregularity in a continuous dynamics. Embedding the research to the theory of differential equations requests definitions of chaos for continuous dynamics, which are not related to discreteness [4] - [7] . The research as well as the origin of the chaos [8] gave us strong arguments for the development of motions in classical dynamical systems theory [9] by proceeding behind Poisson stable points to unpredictable points [10] . Then, the dynamics has been specified such that a function that is bounded on the real axis is an unpredictable point [11] - [13] . In the papers [11] - [13] , we have demonstrated that unpredictable functions are easy to be analyzed as solutions of differential equations. This paradigm is not completed, if one does not consider discrete equations. This is the reason why in the present paper we deliver discrete analogues for unpredictable functions calling them unpredictable sequences, and prove for the first time in the literature assertions on the existence and uniqueness of unpredictable solutions of recurrent equations. The role of the novelty cannot be underestimated for applications as well as for theoretical analysis, exceptionally for the modern development of computer technologies, software, and robotics [14, 15] .
Throughout the paper, we will make use of the usual Euclidean norm for vectors and the norm induced by the Euclidean norm for matrices.
Let (X, d) be a metric space, and T refer to either the set of real numbers or the set of integers.
Suppose that π : T × X → X is a flow on X, i.e., π(0, σ) = σ for all σ ∈ X, π(t, σ) is continuous in the pair of variables t and σ, and π(t 1 , π(t 2 , σ)) = π(t 1 + t 2 , σ) for all t 1 , t 2 ∈ T and σ ∈ X [16] . We modified the Poisson stable points to unpredictable points in paper [10] as follows.
Definition 2.1 A point σ ∈ X and the trajectory through it are unpredictable if there exist a positive number ǫ 0 (the unpredictability constant) and sequences {t k } and {τ k } , both of which diverge to infinity,
To develop the row of periodic, quasiperiodic, and almost periodic oscillations to a new one, we specified in [11] - [13] unpredictability for functions as points of a dynamics. Definition 2.2 A uniformly continuous and bounded function ϕ : R → R p is unpredictable if there exist positive numbers ǫ 0 , δ, and sequences {t k } , {τ k }, both of which diverge to infinity, such that
The last definition can be considered as a more restrictive version of the next two, which will be useful in the future for applications of functional analysis methods in the theory of differential equations.
Definition 2.3 A continuous and bounded function ϕ : R → R p is unpredictable if there exist positive numbers ǫ 0 , δ, and sequences {t k } , {τ k }, both of which diverge to infinity, such that ϕ(t + t k ) − ϕ(t) → 0 as k → ∞ uniformly on compact subsets of R and
Definition 2.4 A continuous and bounded function ϕ : R → R p is unpredictable if there exist positive numbers ǫ 0 , δ, and sequences {t k } , {τ k }, both of which diverge to infinity, such that ϕ(
The following definition of an unpredictable sequence was first mentioned in paper [13] as an analogue for Definition 2.2.
Definition 2.5 A bounded sequence {ϕ n } , n ∈ Z, in R p is called unpredictable if there exist a positive number ǫ 0 and sequences {ζ k } , {η k }, k ∈ N, of positive integers, both of which diverge to infinity, such that ϕ n+ζ k − ϕ n → 0 uniformly as k → ∞ for each n in bounded intervals of integers and
Definition 2.5 is of main use in the present paper. It is requested by the method of the proof.
Nevertheless, in future analyses, there may be needs for another definition, which can be considered as a direct specification of Definition 2.1 as well as an analogue of Definition 2.4.
Definition 2.6 A bounded sequence {ϕ n } , n ∈ Z, in R p is called unpredictable if there exist a positive number ǫ 0 and sequences {ζ k } , {η k }, k ∈ N, of positive integers, both of which diverge to infinity, such
The topologies in Definitions 2.2 and 2.5 are metrizable [16] . Consequently, the existence of an unpredictable sequence in the sense of Definition 2.5 indicates the presence of Poincaré chaos [10] . In what follows, an unpredictable sequence and an unpredictable solution are understood as mentioned in Definition 2.5.
In this paper, we will consider the following discrete equation,
where n ∈ Z, A ∈ R p×p is a nonsingular matrix, f : R p → R p is a continuous function, and
is an unpredictable sequence.
The following assumptions on equation (2.1) are required.
(C1) There exists a positive number M f such that sup
According to the results of [17] , if conditions (C1) − (C3) hold, then equation (2.1) possesses a unique bounded solution {φ n }, n ∈ Z, which satisfies the relation
One can show under the same conditions that the bounded solution attracts all other solutions of (2.1).
More precisely, the inequality
is valid for all n ≥ n 0 , where {x n }, n ∈ Z, is a solution of (2.1) with x n0 = x 0 for some integer n 0 and
Unpredictable sequences
The following theorem is concerned with the existence of an unpredictable solution of the discrete equation (2.1).
Theorem 3.1 The bounded solution {φ n } , n ∈ Z, of equation (2.1) is unpredictable under the conditions
Proof. Fix an arbitrary positive number ǫ, and suppose that γ is a positive number satisfying
Let n 1 and n 2 be integers such that n 2 > n 1 , and take a natural number E with
Since {ψ n } , n ∈ Z, is an unpredictable sequence, there exist a positive number ǫ 0 and sequences {ζ k } , {η k }, k ∈ N, of positive integers both of which diverge to infinity such that ψ n+ζ k − ψ n → 0 uniformly as k → ∞ for each n with
First of all, we will show that φ n+ζ k − φ n → 0 uniformly as k → ∞ for each n with n 1 ≤ n ≤ n 2 . There exists a natural number k 0 , independent of n, such that for each k ≥ k 0 the inequality
Fix an arbitrary integer k ≥ k 0 . One can obtain using the relation (2.2) that
Therefore, for n 1 − E ≤ n ≤ n 2 , we have
Let us denote
The inequality (3.4) yields
It can be verified by applying the discrete analogue of Gronwall inequality that
Thus, for n 1 − E ≤ n ≤ n 2 , we have
The last inequality implies that
One can confirm using (3.
the inequality
is valid for n 1 ≤ n ≤ n 2 . Hence, φ n+ζ k − φ n → 0 uniformly as k → ∞ for each n with n 1 ≤ n ≤ n 2 .
Next, we will show the existence of a positive number ǫ 0 and a sequence { η k } with
Using the relations
Therefore,
where
For each k ∈ N, let us take
Consequently, the bounded solution {φ n } , n ∈ Z, of (2.1) is unpredictable.
A possible way to obtain a different unpredictable sequence from a given one is mentioned in the following theorem.
Theorem 3.2 Suppose that {ϕ n }, n ∈ Z, is an unpredictable sequence such that ϕ n ∈ Λ for each n,
Proof. Since {ϕ n }, n ∈ Z, is an unpredictable sequence, there exist a positive number ǫ 0 and sequences
of positive integers both of which diverge to infinity such that ϕ n+ζ k − ϕ n → 0 uniformly as k → ∞ for each n in bounded intervals of integers and
Fix an arbitrary positive number ǫ, and let n 1 and n 2 be any two integers such that n 2 > n 1 .
One can find a natural number k 0 , which does not depend on n, such that for each k ≥ k 0 we have
Therefore, the inequality
is satisfied for each k ≥ k 0 and each n with n 1 ≤ n ≤ n 2 . This shows that ϕ n+ζ k − ϕ n → 0 uniformly as k → ∞ on bounded intervals of integers. On the other hand, for each k ∈ N, we have that
Consequently, {ϕ n }, n ∈ Z, is an unpredictable sequence.
In the next section, an example which supports the result of Theorem 3 is provided.
An example
Consider the logistic map
where n ∈ Z and λ is a parameter. Based on the result of the papers [12] and [18] , it was demonstrated in paper [13] that for λ ∈ [3 + (2/3) 1/2 , 4] the map (4.6) possesses an unpredictable solution. For such values of the parameter, the unit interval [0, 1] is invariant under the iterations of the map [19] .
Next, we take into account the discrete system
where {ψ n } is an unpredictable solution of (4.6) with λ = 3.91. Theorem 3.2 implies that the sequence ψ n , n ∈ Z, defined as ψ n = (3ψ 3 n , 4ψ n ) ∈ R 2 is also unpredictable.
In order to demonstrate the chaotic behavior of (4.7), we consider the system 8) where {u n } is a solution of (4.6), again with λ = 3.91. One can numerically verify that for each {u n }, the bounded solutions of (4.8) take place inside the compact region
Therefore, the conditions (C1) − (C3) are satisfied for system (4.7), and there exists a unique unpredictable solution of (4.7) in accordance with Theorem 3.1. such that an unpredictable sequence takes place in the dynamics of the discrete system (4.7) and the behaviour of the system is chaotic. 
Poincaré chaos near periodic orbits
In this section, we will demonstrate the appearance of irregular behavior near periodic orbits of discrete systems. For that purpose, let us consider the system
It is shown in the book [19] that the system (5.9) admits a stable periodic orbit whenever the value ω/2π is rational. Taking λ = 3.86 in the logistic map (4.6), and perturbing system (5.9) with solutions (4.6) we set up the system x n+1 = cos(ω)x n + sin(ω)y n + 0.001u n y n+1 = − sin(ω)x n + cos(ω)y n + 0.001u n (5.10) where {u n } is a solution of (4.6).
Let us use the value of ω = π/7 so that the non-perturbed system (5.9) possesses a one parameter family of stable 14-periodic orbits. We depict in Figure 3 the trajectory of (5.10) corresponding to the initial data u 0 = 0.4, x 0 = 1, and y 0 = 1. The total number of iterations used in the simulation is 65 × 10 6 . The choice for the parameter value λ = 3.86 and the initial value u 0 = 0.4 is analyzed for shadowing in paper [20] . It is seen in Figure 3 that the applied perturbation makes the system (5.10)
behave chaotically near the 14-periodic orbit of (5.9). It is worth noting that Figure 3 represents a single orbit. The fractal structure of the orbit is also observable in the simulation. Figure 3 manifests the appearance of Poincaré chaos near the periodic orbit of (5.9). 
Conclusion
The starting point for the present research is the unpredictable point [10] , a new object for the dynamical systems theory founded by Poincaré and Birkhoff [8, 9] . In the paper [10] , we developed the Poisson stability of a motion to unpredictability such that a new type of chaos, the Poincaré chaos, has been obtained. It has become clear that the concept can be easily extended to the object of analysis in the theory of differential equations, considering unpredictable functions as points moving by shifts of the time argument [11] - [13] . Therefore, in our opinion, a new field to analyze in the theory of differential equations has been discovered. Since many results of differential equations have their counterparts in discrete equations, it is easy to suppose that theorems on the existence of unpredictable solutions can be proved for discrete equations. The present paper is the first one to realize the paradigm. The existence and uniqueness theorem for quasilinear difference equations has been proved, when the perturbation is an unpredictable sequence. This is visualized as Poincaré chaos in simulations.
